Abstract. For a Riemann surface of genus g with n punctures, consider the class of ntuples of conformal mappings (φ 1 , . . . , φ n ) each taking 0 to a puncture. Assume further that the pre-Schwarzians of each φ i is in the Bergman space and the extensions to the closure of the disk do not intersect. We show that the class of such non-overlapping mappings is a complex Hilbert manifold.
Introduction
Let Σ be a Riemann surface of genus g with n ordered punctures p i . We consider the set of n-tuples of conformal maps (φ 1 , . . . , φ n ) from the unit disk D = {z : |z| < 1} into Σ, such that φ i (0) = p i for each i = 1, . . . , n. We assume that these maps have quasiconformal extensions to an open neighbourhood to the closure of D, and have pre-Schwarzians in the Bergman space. We furthermore assume that the closures of the images do not overlap. We will refer to such an n-tuple of as a Weil-Petersson class rigging and denote the set of such mappings by O qc WP (Σ). We show that the set of such mappings is a complex Hilbert manifold. There are two motivations for this result. The first comes from Teichmüller theory. The results of this paper can be used to construct a quasiconformal Teichmüller space of genus g surfaces bordered by n boundary curves, which is a complex Hilbert manifold. This "Weil-Petersson class Teichmüller space" is holomorphically immersed into the standard quasiconformal Teichmüller space. It turns out that this result will enable us to show that the Weil-Petersson class Teichmüller space possesses a convergent Weil-Petersson metric, although this step requires substantial work and is dealt with in a forthcoming publication. It is worth mentioning that the construction of a Weil-Petersson metric will be the first instance of the existence of such metrics in the infinite dimensional setting for bordered Riemann surfaces of genus g > 0 or n > 1. This construction can not be achieved without solving the analytic problems settled in this paper. Indeed, one of the main technical difficulties in this paper is to show that the transition functions of the atlas defining the Hilbert manifold structure on the space of riggings are biholomorphisms. This is a consequence of some analytic problems that are of independent interest in geometric function theory and the theory of quasiconformal mappings. To solve these, we require (among other things) the theory of Carleson measures for analytic Besov spaces and also utilize the relationship between the Dirichlet space and the little Bloch space.
The second motivation comes from two-dimensional conformal field theory. In [17] , two of the authors showed that a moduli space of so-called "rigged Riemann surfaces" (due to D. Friedan and S. Shenker [8] G. Segal [21] and C. Vafa [25] ) is the quotient of the standard 1991 Mathematics Subject Classification. Primary 30F60 ; Secondary 30C55, 30C62, 32G15, 46E20, 81T40.
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quasiconformal Teichmüller space of bordered surfaces by a discrete group. This allowed us to construct a complex structure on the rigged moduli space, and show that the operation of sewing is holomorphic, which are necessary steps in the rigorous construction of conformal field theory. However, it appears that the standard Banach manifold structure of the standard Teichmüller space is not regular enough for the construction of the determinant line bundle of Cauchy-Riemann operators with boundary projection factor. The Weil-Petersson class Teichmüller space mentioned above appears to have sufficient regularity (preliminary results in this direction can be found in [20] ).
In [19] , two of the authors demonstrated that the standard Teichmüller space of a genus g surface with n boundary curves homoeomorphic to S 1 is holomorphically fibered over the Teichmüller space of surfaces of genus g with n punctures. The fibers are exactly the set of non-overlapping maps into a surface, which we called riggings above. However in that case a given rigging (φ 1 , . . . , φ n ) has weaker regularity; namely log f is in the Bloch space. By establishing in this paper that the Weil-Petersson class riggings (with pre-Schwarzian in the Bergman space) is a complex Hilbert manifold, we have thus endowed the fibers of the Weil-Petersson class Teichmüller space with this complex structure. In order to construct the complex structure, one would need to combine the results of [19] and those obtained here regarding Weil-Petersson class Teichmüller space.
We now fill out this explanation of the motivation for the results of this paper with a more detailed discussion of the literature. There have been several refinements of quasiconformal Teichmüller space, obtained by considering natural analytic subclasses either of the quasisymmetries of the circle or of the quasiconformally extendible univalent functions in the Bers model of universal Teichmüller space. For example, K. Astala and M. Zinsmeister [2] gave a model of the universal Teichmüller space based on BMO, and G. Cui and M. Zinsmeister [5] studied the Teichmüller spaces compatible with Fuchsian groups in this model. F. Gardiner and D. Sullivan [10] studied a refined class of quasisymmetric mappings (which they call symmetric) and the topology of this refined class.
A family of refined models of the universal Teichmüller space was given by G. Hui [14] , each based on an L p norm. These spaces were completely characterized in three ways: in terms of a space of quadratic differentials, in terms of univalent functions, and in terms of a space of Beltrami differentials; all satisfying a weighted L p -type integrability condition. In this paper, we are concerned with the L 2 case, which G. Hui attributes to Cui [4] . In this case Y. Shen [22] also gave a fourth characterization by determining the precise analytic class of associated quasisymmetric mappings of the circle. Independently of Hui and Cui, L. Takhtajan and L.-P. Teo [23] defined a Hilbert manifold structure on the universal Teichmüller space and universal Teichmüller curve, equivalent to that of Hui, and obtained further far-reaching geometric and analytic results; for example they gave explicit forms for the Kähler potential of the Weil-Petersson metric. Since then there has been growing interest in Weil-Petersson class mappings and quasisymmetries; for a brief survey see the introduction to Shen [22] .
WP-class conformal maps
In Section 2 we collect some known results on the refinement of the set of quasisymmetries and quasiconformal maps, from the work of Takhtajan and Teo [23] , Teo [24] and Hui [14] . We also derive two technical lemmas which follow from previous work of two of the authors [18] . We collect some necessary results on the Weil-Petersson class universal Teichmüller space of Takhtajan and Teo [23] and Hui [14] . We need to consider a smaller class than the class of quasisymmetric mappings of S 1 ; we will refer to elements of this smaller class as WP-class quasisymmetries.
In [18] we defined the set O qc of quasiconformally extendible conformal maps of D in the following way. Definition 2.1. Let O qc be the set of maps f : D → C such that f is one-to-one, holomorphic, has quasiconformal extension to C, and f (0) = 0.
A Banach space structure can be introduced on O qc as follows. Let
This is a Banach space. It follows directly from results of Teo [24] that for [18] ). Thus O qc inherits a complex structure from A by · . We define the class of WP-class quasiconformally extendible maps of the D as follows.
is also open, and thus O qc WP trivially inherits a Hilbert manifold structure from W. We summarize this with the following theorem. 
Proof. The map h•f has a quasiconformal extension to C if and only if it has a quasiconformal extension to an open neighborhood of D (although not necessarily with the same dilatation constant). Clearly h • f has a quasiconformal extension to W , namely h composed with the extension of f . Thus h • f has an extension to the plane, and so h • f ∈ O qc . We need only show that A(h • f ) ∈ A 2 1 (D). This follows from Minkowski's inequality:
The first term on the right hand side is finite because h is holomorphic and
WP . This proves the first claim. To prove the second claim, observe that there is a compact set K contained in W which contains f (D) in its interior. By [18, Corollary 3.5] there is an open setÛ in
and a constant C 2 such that
Applying (2.3) completes the proof.
We will also need a technical lemma on a certain kind of holomorphicity of left composition in O qc WP . Lemma 2.6. Let E be an open subset of C containing 0 and ∆ an open subset of C. Let H : ∆ × E → C be a map which is holomorphic in both variables and injective in the second variable and let
Proof. We need to show that for fixed ψ, A(h • ψ) and (h • ψ) (0) are holomorphic in . First observe that all the z-derivatives of h are holomorphic in for fixed z. Thus the second claim is immediate.
To prove holomorphicity of → A(h • ψ), it is enough to show weak holomorphicity and local boundedness [12] ; that is, to show local boundedness and that for some set of separating continuous functionals {α} in the dual of the Bergman space, α • A(h • ψ) is holomorphic for all α. Let E z be the point evaluation function E z ψ = ψ(z). These are continuous on the Bergman space and obviously separating on any open set. Since
So we only need to prove that A(h • ψ) and (h • ψ) (0) are locally bounded. The second claim is obvious. As above, by Minkowski's inequality (2.3) and a change of variables
Since A(h ) is jointly holomorphic in and z and ψ(D) ⊆ E for any fixed 0 , there is a compact set D containing 0 such that |A(h )| is bounded on ψ(D) by a constant independent of ∈ D. Since A(ψ) is in the Bergman space this proves the claim.
Function-theoretic results on non-overlapping mappings
Let Σ be a genus g Riemann surface with n punctures. In this section we define the class of non-overlapping mappings O qc WP (Σ). We also establish some technical theorems which are central to the proof that it is a Hilbert manifold in Section 4.
Let D 0 denote the punctured disc D\{0}. Let Σ be a compact Riemann surface of genus g with punctures p 1 , . . . , p n . 
It was shown in [18] that O qc (Σ) is a complex Banach manifold. As in the previous section, we need to refine the class of non-overlapping mappings. We first introduce some terminology. Denote the compactification of a punctured surface Σ by Σ.
Definition 3.2. An n-chart on Σ is a collection of open sets E 1 , . . . , E n contained in the compactification of Σ such that E i ∩ E j is empty whenever i = j, together with local biholomorphic parameters ζ i :
In the following, we will refer to the charts (ζ i , E i ) as being on Σ, with the understanding that they are in fact defined on the compactification. Similarly, non-overlapping maps (f 1 , . . . , f n ) will be extended by the removable singularities theorem to the compactification, without further comment.
In order to construct a Hilbert manifold structure on O qc WP (Σ) we will need some technical theorems.
Since f 0 was arbitrary, this proves the first claim.
Composition on the left by h is holomorphic operation in both O qc and O qc WP . This was proven in [18] in the case of O qc . The corresponding theorem in the WP-class case is considerably more delicate, and is one of the key theorems necessary to demonstrate the existence of a Hilbert manifold structure on O qc WP (Σ P ). Before we state and prove it we need to investigate some purely analytic issues in the underlying function theory, which will be utilized later.
We start first with the following lemma.
Lemma 3.5. Let f t (z) be a holomorphic curve in O qc WP for t ∈ N where N ⊂ C is an open set containing 0. Then there is a domain N ⊆ N containing 0 and a K which is independent of t ∈ N such that
for all p > 0 and α > −1. The constant K will depend on p and α.
Proof. To establish the estimate (3.1) we observe that since A(f t ) ∈ A 2 1 (D), log f t is in the little Bloch space; that is lim 
for all p > 0 and α > −1 where B 0 is the little Bloch space.
Let We have that h s ∈ B 0 , that is,
(
Our goal is to show that there is a constant C which is independent of s ∈ [s 0 , 1) such that I is bounded by C. It is obvious that this will follow by establishing the aforementioned type of bounds for I 1 and I 2 . The estimate for I 1 follows from
Now we turn to the estimate for I 2 . It follows from a theorem of Hardy and Littlewood (see for example [7, Theorem 6] for a proof in the most general case) that there is a C depending only on p and α, such that
for p > 0 and α > −1, whenever at least one of the integrals converges (in fact the two norms represented by each side are equivalent). Now for s ∈ [s 0 , 1) we may apply (3.5) and
. Summarizing, we have
where r and C are independent of s. Since h s and h s are continuous on D r for s ∈ [s 0 , 1) the integral on the right hand side is bounded by a constant which is independent of s ∈ [s 0 , 1). Therefore the estimates for I 1 and I 2 yield the desired uniform estimate for I. Since the estimate on I is uniform it extends to s = 1. Setting g t = log f t , an argument identical to the above (substituting h s with g t ) gives the desired uniform bound (3.1) in t, provided that the function (1 − |z| 2 )|g t (z)| is jointly continuous in (t, z). Thus it remains to demonstrate the joint continuity. To this end fix z 0 ∈ D, t 0 ∈ N and > 0. There is a δ such that for any z ∈ B(z 0 , δ) ∩ D where B(z 0 , r) is the ball of radius δ centered on z 0 ,
Since f t is a holomorphic curve, there is an interval (t 0 − δ 1 , t 0 + δ 1 ) such that
By [23, Lemma 1.3, Chapter II] for g = log f
(note that in their notation the left hand side is g (z) ∞ ). So for all z ∈ D and t ∈ (t 0 − δ 1 , t 0 + δ 1 ),
Combining this with the fact that (1 − |z| 2 )g t (z) → 0 as |z| → 1 shows that equation (3.7) holds on D. Thus, by the triangle inequality
. This proves joint continuity and thus completes the proof.
Before we state our next lemma we would needs some tools from the theory of Besov spaces which we recall bellow. Definition 3.6. For p ∈ (1, ∞), one defines the Besov space B p as the space of holomorphic functions f on D for which
From this definition it follows at once that B 2 is the usual Dirichlet space. One also defines for z ∈ D, the set S(z) by
which is obviously a subset of the annulus |z| ≤ |ζ| < 1.
In our study we shall use the following result, concerning Carleson measures for Besov spaces, due to N. Arcozzi, R. Rochberg and E. Saywer [1] .
Theorem 3.7. Given real numbers p and q with 1 < p < q < ∞ and a positive Borel measure µ on D, the following two statements are equivalent:
(2) For S(z) defined above, one has
where p is the Hölder dual of p.
Using Lemma 3.5 and Theorem 3.7 we can prove the following result: 
Therefore, since ψ is in the Dirichlet space, to prove that
. Now, since ψ(0) = 0, Theorem 3.7 with q = 2β, p = 2 and dµ = (1 − |ζ| 2 ) 1 2 dA, yields that (3.9) holds if and only if for all z ∈ D (3.10)
Therefore an elementary calculation yields that (3.10) follows from an estimate of the form Proof. It was shown in [18, Lemma 3.10 ] that composition on the left is holomorphic in the above sense on O qc . However, this does not immediately lead to the desired result, since the norm has changed. Nevertheless some of the computations in [18, Lemma 3.10] can be used here.
As in [18, Lemma 3.10] , by Hartogs' theorem [16] it suffices to show that the maps (A(f ), f (0)) → A(h • f ) and f (0) → h (0)f (0) are separately holomorphic. The second map is clearly holomorphic. By a theorem in [3, p 198] , it suffices to show that (A(f ), f (0)) → A(h • f ) is Gâteaux holomorphic and locally bounded. It is locally bounded by Lemma 2.5.
To show that this map is Gâteaux holomorphic, consider the curve (A(f 0 ) + tφ, q(t)) where φ ∈ A that (A(f t ), f t (0)) = (A(f 0 ) + tφ, q(t)) if and only if f t is the curve
Note that f t (z) is holomorphic in t for fixed z. for all t ∈ N . The neighborhood N can also be chosen small enough that f t (D) ⊂ K int for all t ∈ N , since we assumed that t → f t is a holomorphic curve and the set of f ∈ O qc WP mapping into K int is open by Theorem 3.4.
Defining α(t) = A(h) • f t · f t and denoting t-differentiation with a dot we then have that
So it is enough to show that
as t → 0. For any fixed z (recall that α(t) is also a function of z) we have
We claim that there is a constant C 0 such that α < C 0 for all t in some neighborhood of 0. Assuming for the moment that this is true, for |s| < |t| < C we set t = e iθ u and s = e iθ v, and integrating along a ray, we have
where we have used Jensen's inequality and the assumption that u < C. Therefore Fubini's theorem and the assumption that v < u < |t| yield
Fubini's theorem can be applied since the second to last integral converges by the final inequality. This would prove (3.12) . Thus the proof reduces to establishing a bound on α which is uniform in t in some neighborhood of 0.
By [18, 
We will uniformly bound all the terms on the right side of (3.13) in the A 2 1 (D) norm. For all t ∈ N we have f t (D) ⊂ K and h is holomorphic on an open set containing the compact set K, and h = 0 since h is one-to-one on A. Thus there is a uniform bound for A(h), A(h) and A(h) on f t (D). So by a change of variables, there is an M such that (3.14)
Similarly there are M and M such that
Since f t (D) is contained in the compact set K, |f t (z)| is bounded by a constant C which is independent of t. By applying Cauchy estimates in the variable t on a curve |t| = r 2 , we see that for 0 < r 1 < r 2 and |t| ≤ r 1 ,
|f s (z)| and thus we can find a constant C such that |ḟ t (z)| ≤ C for |t| ≤ r 1 . Similarly, there is a C such that |f t (z)| ≤ C for all z ∈ D and |t| ≤ r 1 . Combining with (3.15), we have that I and II are uniformly bounded on |t| ≤ r 1 . Next, observe that A(h) • f t ∞ ≤ D and A(h) • f t ∞ ≤ D for some constants D and D which are independent of t, since f t (D) is contained inside a compact set in the interior of the domain of h, and h is holomorphic and one-to-one. Therefore, to get a uniform bound on α we only need to show that ḟ t and f t are bounded by some constant which is independent of t on a neighborhood of 0.
A simple computation yieldṡ
Since q(t) is holomorphic and non-zero,q/q is uniformly bounded on a neighborhood of 0. Furthermore,
which is uniformly bounded since f t (D) is contained in a fixed compact set. Since ψ(z) = z 0 φ(w)dw is in the Dirichlet space, we can apply Lemma 3.8 with β = 2, which proves that ḟ t is uniformly bounded for t in some neighborhood of 0. We further compute thaẗ
so the same reasoning (this time using Lemma 3.8 with β = 2 and β = 4) yields a uniform bound for f t . This completes the proof. We now turn to the proofs, beginning with the topology on O qc WP (Σ). Before defining a topological basis we need some notation. Proof. We first establish that V is a base. For any element f of O qc WP (Σ P ), since f i (D) is compact for all i, there is an n-chart (ζ, E) such that f i (D) ⊂ E i for each i. By Theorem 3.4 there is a U = (U 1 , . . . , U n ) compatible with (ζ, E). Thus V covers O qc WP (Σ P ). Now let V ζ,E,U and V ζ ,E ,U be two elements of V containing a point f ∈ O qc WP (Σ P ). Define
and K i int are the interiors of K i and K i respectively. By Theorem 3.4 W i and W i are open, and by Theorem 3.9 the map φ → ζ i • ζ
• φ is a biholomorphism from W i onto W i . So the set
we have that f ∈ V ζ ,E ,U ⊆ V ζ,E,U ∩ V ζ ,E ,U by construction. Thus V is a base.
To show that the topology generated by V is Hausdorff, let f, g ∈ O qc WP (Σ P ). Choose open, simply connected sets E i and F i , i = 1, . . . , n such that f i (D) ⊂ E i and g i (D) ⊂ F i and E i ∩ E j = F i ∩ F j = ∅ whenever i = j. For each i let ζ i : E i ∪ F i → C be a biholomorphism taking p i to 0. Thus ζ i | E i defines an n-chart (ζ, E), and similarly for ζ i | F i . (The collection ζ i | E i ∪F i does not necessarily form an n-chart, but this is inconsequential).
Since O qc WP is a Hilbert space, it is Hausdorff, so for all i there are open sets U i and W i such that 
That is, U is compatible with (ζ, E) and W is compatible with (ζ, F ). Furthermore f ∈ V ζ,E,U , g ∈ V ζ,F,W and V ζ,E,U ∩ V ζ,F,W = ∅ by construction. Thus O qc WP (Σ) is Hausdorff with the topology defined by V.
To see that O qc WP (Σ) is second countable, we proceed as follows. First observe that Σ is second countable by Rado's Theorem (see for example [13] ). Thus it has a countable basis B of open sets. Let B n = {(B 1 , . . . , B n )} where each B i (1) is a finite union of elements of B and (2) contains p i . Clearly B n is countable. Consider the set of n-tuples C = (C 1 , . . . , C n ) such that (1) (C 1 , . . . , C n ) ∈ B n and (2) C i ∩ C j is empty whenever i = j. Since this is a subset of B n , it is countable. Furthermore, for each (C 1 , . . . , C n ), we can fix a chart ζ i : C i → C. Let C be the collection of n-charts {(ζ 1 , C 1 , . . . , ζ n , C n )} where ζ i and C i are as above.
Next, since O Thus it is enough to show that for every
Let V ζ,E,U ∈ V contain f . We claim that there is an n-chart (η, C) ∈ C such that f i (D) ⊂ C i ⊂ E i for all i. To see this, fix i and observe that since B is a base for Σ, for each point x ∈ f i (D) there is an open set B i,x ∈ B such that x ∈ B i,x ⊂ E i . The set {B i,x } x∈f i (D) is a cover of f i (D); since it is compact there is a finite subcover say {B i,α }. Set C i = ∪ α B i,α and perform this procedure for each i = 1, . . . , n. By construction the C i are non-overlapping and C = (C 1 , . . . , C n ) ∈ B n . It follows that (η, C) = (η 1 , C 1 , . . . , η n , C n ) ∈ C where η i are the charts corresponding to C i . This proves the claim.
Since O is a basis of O qc WP , by Theorems 3.4 and 3.9 (using an argument similar to the one earlier in the proof), for each i there is a
• h i for some h i ∈ W i for all i = 1, . . . , n by (4.1). But
i (U i ) and hence g ∈ V ζ,E,U by (4.1). Thus V η,C,W ⊂ V ζ,E,U which completes the proof. Proof. It is an immediate consequence of Definition 4.2 and Theorem 3.
Definition 4.6 (standard charts on O qc WP (Σ)). Let (ζ, E) be an n-chart on Σ and let κ i ⊂ E i be compact sets containing
Each U i is open by Theorem 3.4 and U = (U 1 , . . . , U n ) is compatible with (ζ, E) so we have Assume that V ∩ V is non-empty. For (ψ 1 , . . . , ψ n ) ∈ T (V ∩ V )
The maps ψ i → ζ i • ζ i −1 • ψ i are holomorphic maps of ζ i (V i ∩ V i ) by Theorem 3.9 with A = ζ i (E i ∩ E i ), U = ζ i (ζ
Remark 4.9 (chart simplification). Now that this theorem is proven, we can simplify the definition of the charts. For an n-chart (ζ, E), if we let U i = {f ∈ O qc WP : f (D) ⊂ ζ i (E i )}, then the charts T are defined on V ζ,E,U . It is easy to show that T is a biholomorphism on V ζ,E,U , since any f ∈ V ζ,E,U is contained in some V ζ,E,W ⊂ V ζ,E,U which satisfies Definition 4.6, and thus T is a biholomorphism on V ζ,E,W by Theorem 4.8. 
